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Stabilizing Controller

m Given system & = Az + Bu

m Design a stabilizing controller v := K=z such that lim; . ||z(¢)]| — 0 in the
Lyapunov sense.

m Let V(2) := 27 Pz, P = PT > 0 be a candidate Lyapunov function
m T herefore,
V =3Pz + 2T Pi
=2" ((A+ BK)"P + P(A+ BK)) z.

V<0 =
ATP+ PA+ K'BTP + PBK <0.

BMI in P, K.

AERO 632, Instructor: Raktim Bhattacharya 3/41



Stabilizing Controller Minimum Norm
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Stabilizing Controller

contd.

BMlin P, K:
ATP+ PA+ KT'BTP + PBK <0.

Use substitution
P=Y ! K=wy!

ATy Loy A4+ vy 'wWIBTy '+ vy~ IBwy ! <o.

Multiply both sides by Y, congruent transformation

YAT + AY + WTBT + BW < 0.
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Stabilizing Controller

Bounded Exponent
Lemma
V<—aV = [z@)5 < Bla(0)|3 e ")
Proof:
174 < —aV
d
7‘/ < —adT

Integrating from [to, t], we get

V(@ (t) < V(a(0))e*10)
2T Pr < 2(0)T Pz(0)e*t—0),
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Stabilizing Controller

Bounded Exponent (contd.)

Recall
)‘min(P>||-T||% < z" Px < )‘maX(P>||x||%
Implies
Amin(P)]|z[|3 < Amax(P)[|2:(0)[| 3¢~ 10)
or

213 < w(P)]la(0)[|3e ).

The condition _
V< —-aV

for dynamical system & = (A + BK)z results in the following LMl in Y, W

LMI for Bounded Exponent

VAT + AY + WTBT + BW + oY <0.
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Stabilizing Controller

Bounded Exponent (contd.)

The condition .
V< —-aV

for dynamical system & = (A + BK)z results in the following LMl in Y, W

LMI for Bounded Exponent

VAT + AY + WTBT + BW + aY <0.
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Finsler’s Lemma

Lemma (Finsler) Consider w € R™ £ € R"**"= and B € R™=*™ with rank(B) < ng,
and B~ a basis for the null space of B (BB* = 0). The following conditions are
equivalent:

1. w'Lw <0, Vw#0:Bw=0

2. BBt <0

3. weR: L—uB'B<0

4. X c Rw=xme . L+ XB+BTAT <0

Proof: Olivera & Skelton, 2001.

AERO 632, Instructor: Raktim Bhattacharya 9/41



0000000 0e00000000000
H ]
Finsler’s Lemma

contd.

Given closed-loop system @ = (A + BK)x, define the following

o

B:= [(A+ BK) —1],:Bi=[ ! ]

(A+ BK)
L= {O‘]f Jg]

Property 1 of Finsler’s Lemma:

Bw=0 <= &= (A+ BK)x
w'Lw <0 <= 27 (A+ BK)"P+ P(A+ BK)+aP)z <0
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Finsler’s Lemma

contd.

Property 2 of Finsler’s Lemma: 3P = P” > 0 such that

I 1" [aP P I
[(A + BK)} [ P 0} [(A + BK)} <0,
which is equivalent to
(A+ BK)'P+ P(A+ BK) 4 aP < 0.
Property 3 of Finsler’s Lemma:

T aP — u(A+ BK)"(A+ BK) P+ u(A+ BK)"
L—pB"'B<0 <= P+ pu(A+ BK) I < 0.
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Finsler’s Lemma

contd.

Schur complement of

aP — uw(A+ BK)I'(A+ BK) P+ u(A+ BK)T <0
P+ p(A+ BK) —ul

implies —uI < 0, and

YP — (A + BK)' (A + BK)—
(P+pu(A+ BE)") (—pI)™" (P + p(A+ BK)") <0

PP
— (A4 BK)TP+ P(A+BK)+aP <

trivial
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Finsler’s Lemma

contd.
Property 4 of Finsler’s Lemma: 3X € R"=*™= gych that

L+XB+BTxT <.

or

yP P B (A+BK)"| o

{P O}+X[(A+BK) I]+{ 7 X <o.
Define X := ozl with Z € R™" invertible but not necessarily symmetric, and

a > 0 a fixed relaxation constant.
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Finsler’s Lemma

contd.
. : [zt 0
Substituting and applying congruent transformation 0 g1l on left and
71 !
[ 0 Z‘l} on the right we get
Z7 YW AT + KTBTY + ()T +az7'PZ7T (x)T
~1py-T -7 -1 -1 7y <0
Z'PZ ' +a(A+BK)Z ' - Z —a(Z+Z7)
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Finsler’s Lemma

contd.
ZY AT+ KTBT) + (x)T + az7'PZ7T ()T
~1py—T -T —1 -1 _ry| <0
ZYPZ T 4+ a(A+BK)Z T - Z —a(Zz71+ 27271
Substitute:
Y =271, W := KY, and Q :=YTPY
we get
AY +YTAT £ BW + WTBT +0Q Q+a(YTAT +WIBT) —Y| _
Q-+ a(AY + BW) - Y7 —a(Y +Y7T) :

Variables: Y € R™™ £ YT W € R™*" and Q = QT € R™™ > 0. Parameter a is
given.
Greater degree of freedom
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Reciprocal Projection Lemma

Recall With X = X7 > 0, the following are true

U+ X - (W4+wh) stT+w?

T
U4+ S+5 <0 <— [ S+ ¥

| <o

Consider Lyapunov inequality with decay-rate
(A+ BK)Y +Y(A+BE) +aY <0, Y >0 V(z) =27y 'z
Let

U:=0,57 := (A+ BK)Y + %Y

Implies

U+58T4+5<0 < (A+BK)Y +Y(A+ BK)T +aY <0,
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Reciprocal Projection Lemma

contd.
From Reciprocal Projection Lemma we get
U+5T+5<0 < (A+BK)Y +Y(A+BK)T +aY <0
P X - (W+wT) (A+ BK)Y + Y + W7 <0
Y(A+BEK)' +5Y +W -X '

Multiplying on both sides by [é Yo_l} we get

X —(W+wT) (A+ BK)+ $I+WTp ~0
(A+ BK)" + 91+ PW —-PXP
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Reciprocal Projection Lemma

contd.
Multiply
X - W+wT) M+BKH§J+WUD<O
(A+ BK)T + $1+PW ~PXP
on left hand side with [VVO —(;] and right hand side with [VVO ﬂ and

substitute V := W ! to get

VIXV —(V+VT)  VIT(A+BK)+3%vVT+P “0
(A+ BK)TV+ 3V +P ~PXP ‘
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Reciprocal Projection Lemma

contd.

Using Schur complement it can be shown that

VIXV —(V+VT)  VT(A+BK)+3%vVT+P ~0
(A+ BE)I'V+ 5V + P ~-PXP ‘

is equivalent to

—(V+VvT) VI(A+BK)+45vi+pP VT
(A+ BK)TV + 3V + P —-PXP 0 | <o.
1% 0 —Xx!

Now substitute X := P~ to get

~(V+VvT) VI(A+BK)+ vl +pP VT
(A+ BK)TV+ 5V + P —-P 0| <o.
% 0 N
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Reciprocal Projection Lemma

contd.

Using the dual form (A + BK) — (A + BK)T we get (Apkarian et.al 2001)

—(V+VvT) VI(A+BK)" +svi+p VT
(A+ BK)V + 5§V +P -P 0| <0.
v 0 -p

With change of variable Z := KV, we get the final LMI

—(V+VvT) VIAT + ZTBT + evT 4+ p VT
AV +BZ+49V +P -P 0| <o0.
1% 0 -P

Variables P > 0 € R™*" V € R™" 7 € R™*",
Controller is decoupled from Lyapunov function K := ZV 1
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Pointwise minimum norm

T

We are interested in stabilizing controller that minimizes instantaneous u* u, where

wWu=2"K"TKe =27y '"WTwy 2.
Optimization problem 1

min y
Y > NOIn
WIW < ~I,,
VAT + AY + WIBT + BW + aY <0.

or

YAT + AY + WITBT + BW +aY <0
min~y, subject to [7]m W

> > .
WT [n:| el 07 Y = MOIn
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Minimum Norm
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Minimum Gain

Better Formulation

min 7y,
T
Yy W >0,
W Al | —
Y > poly,

VAT 4+ AY + WIBT + BW +aY <0.
From Schur complement about ~/I,,we get

VI >0, Y —WT(yI,)"'W > 0.

WIW <~Y.
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Minimum Gain

Better Formulation (contd.)

We have
WIW < 4Y.

Substitute W = K'Y, to get

YKT'KY <Y = KTK <Ay~ L.

But X > ugl, constraint in LMI.
Therefore

KTk <1,
Ho
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Minimum Gain

With Finsler's Lemma

min 7y,
T
@ Wo Sy,
W yLn] ~
Q> ,UOIny
AY +YTAT £ BW + WTBT +0Q Q+a(YTAT +WIBT) —Y| _
Q+a(AY + BW) - Y7 —a(Y +YT) '
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Minimum Gain

With Reciprocal Projection Lemma

min 7y,
I, 7T
[Z WFO
PEIU’U‘LM
—(V+VvT) viAT + 2Tt v+ gvi+ P VT
AV+BZ+3%V+P —P 0| <0o.
1% 0 —-P
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Minimum Norm LQR
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Synthesis Problem

Find P = PT > 0 and K such that with V := 27 Pz,

. _ T .
1’}1)11[1(1 V(ZL’(O)) = (L‘(O) P(L‘(O) Cost Function

subject to
V< *IT(Q + KTRK)$ Constraint Function

Or equivalently

min tr P

)

subject to
(A+BK)"P+ P(A+BK)+Q+ K'RK <0.
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Synthesis Problem

contd.

min tr P
P K

subject to
(A+BK)"P+ P(A+ BK)+Q+K'"RK <0

is not an LMI.

Substitution: Y := P~!, and W := KY and applying congruent transformation with Y’
we get

AY + Y AT + WTBT + BW +YQY + WIRW < 0.
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Synthesis Problem

contd.
Matrix inequality
AY +YAT + WTBT + BW +YQY + WI'RW <0,
is equivalent to

AY + YAT + WTBT + BW Y wT
Y Q! 0 <0.
W 0 —R7!

or

AY + YAT + WTBT + BW (yVQY)T (VRW)T
VRW 0 I,
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Synthesis Problem

contd.
Therefore, synthesis optimization problem is

max trY
YW

subject to

AY +YAT + WTBT + BW (VQY)T (VRW)T
VQY —1I, 0
VRW 0 —1In

<0.

The solution is the same as Riccati solution
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Synthesis Problem

Solution
If K = —R'BTY-1 = WY~ then
W =-R!'BT.
Substitute it in
AY + Y AT + WTBT + BW +YQY + WI'RW < 0.

to get
AY +YAT - BR'BT +YQY <0,

or

T < -1 T.
AY +YAT +YQY < BR'B
>0

maxtrY = AY + Y AT +YQY — BR™'BT = 0. Max at boundary
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With K = —R'B’P
With the controller K = —R~!BT P, the condition
(A+BEK)"P+ P(A+BK)+Q+ K"RK <0,

becomes
ATP+PA+Q—-PBR'BTP<0.
This is not a convex constraint in P

Schur complement (about Asgg) of

ATP+PA+Q PB
BTP r|=0

gives

ATP+ PA+Q—-PBR 'B"P<0,R<0.
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With K = —R'BTP

contd.
Let Y := P~! and substitute in
ATP+PA+Q-PBR'BTP <0,

to get
ATy 14 v 'A+Q-Y 'BR !Byl <o.

Multiply by Y on both sides congruent transform

YAT + AY +YQY — BR™'BT <.

This is convex

YAT + AY — BR™'BT Y/Q -0
VQY = .
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With K = —R'BTP

contd.

Therefore optimization problem is
max trY
Y

subject to

YAT + AY — BR™'BT Y\/Q
\/QY _In
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Minimization of ||y||3

System is
& = Ax + Bu, y = Cz + Du.

Then .
ly113 / (z"CTCx + u" DT Du)dt,
0

assuming (for simplicity) DT D is invertible and DTC = 0.

Therefore, with
Q=cTc, R=D"D,

Optimization problem in Y is

YAT + AY — B(DTD)"'BT yCT

m&x trY, subject to oy 1,
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How does it relate to Riccati Solution

Apply "completion of squares” idea.

Consider

V= &xTP:v
= 27(ATP + PA)z + 2T PBu + ' BT Px.

Add 27 Qx + " Ru on both sides to get

V4 27Qz +u"Ru = 2T (ATP + PA)x 4+ 2T PBu+ u" BT Px
+ 27 Qx + v’ Ru.

m Add and subtract z7 PBR'BT Px on RHS.

m Let R = UTU for some square invertible U.
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How does it relate to Riccati Solution

contd.
Therefore
V4 27Qz + uT Ru = 27 (ATP + PA)x 4+ 2T PBu + u" BT Px
+27Qz + v Ru
— 2" PBR™'BTPx+2" PBR™'BT Pz.
Or

V+2'Qz+u'Ru=2" (A"P+PA+Q—-PBR'B'P)x
+ |[Uu +UT BT Pz 2.
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How does it relate to Riccati Solution

contd.

V+2T'Qz +u'Ru=2" (A"P+PA+Q - PBR'B"P)x
+||[Uu+ U TBT Pz|?.

Let P be such that
ATP+ PA+Q—-PBR'BTP=0.

Then,

V4 27Qz +u" Ru = |[Uu+ U~ T BT Px|?.
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How does it relate to Riccati Solution

contd.

Integrating .
V+2TQx+u'Ru=||[Uuv+UTBTPz|?> >0

over [0, 7] we get
T
x(T)T Px(T) + / (2T Qz + uT Ru)dt > x¥ P
0

With T'— oo, z(T) — 0

T
— / (.TTQl‘ + UTRU)Clt > I,(Z;Pl‘o Lower Bound
0

Equality when

Uu+U"'B"Pr=0 — u=-R 'B"Px.
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