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Stabilizing Controller
Given system ẋ = Ax+Bu

Design a stabilizing controller u := Kx such that limt→∞ ‖x(t)‖ → 0 in the
Lyapunov sense.
Let V (x) := xTPx, P = P T > 0 be a candidate Lyapunov function
Therefore,

V̇ = ẋTPx+ xTPẋ

= xT
(
(A+BK)TP + P (A+BK)

)
x.

V̇ ≤ 0 =⇒
ATP + PA+KTBTP + PBK ≤ 0.

BMI in P,K.
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Stabilizing Controller
contd.

BMI in P,K :
ATP + PA+KTBTP + PBK ≤ 0.

Use substitution
P := Y −1, K := WY −1

ATY −1 + Y −1A+ Y −1W TBTY −1 + Y −1BWY −1 ≤ 0.

Multiply both sides by Y , congruent transformation

LMI in Y,W

Y AT +AY +W TBT +BW ≤ 0.
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Stabilizing Controller
Bounded Exponent

Lemma
V̇ ≤ −αV =⇒ ‖x(t)‖22 ≤ β‖x(0)‖22 e−α(t−t0)

Proof:

V̇ ≤ −αV

dV

V
≤ −αdτ.

Integrating from [t0, t], we get

V (x(t)) ≤ V (x(0))eα(t−t0)

xTPx ≤ x(0)TPx(0)eα(t−t0).
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Stabilizing Controller
Bounded Exponent (contd.)

Recall
λmin(P )‖x‖22 ≤ xTPx ≤ λmax(P )‖x‖22

Implies
λmin(P )‖x‖22 ≤ λmax(P )‖x(0)‖22e−α(t−t0)

or
‖x‖22 ≤ κ(P )‖x(0)‖22e−α(t−t0).

The condition
V̇ ≤ −αV

for dynamical system ẋ = (A+BK)x results in the following LMI in Y,W

LMI for Bounded Exponent

Y AT +AY +W TBT +BW + αY ≤ 0.
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Stabilizing Controller
Bounded Exponent (contd.)

The condition
V̇ ≤ −αV

for dynamical system ẋ = (A+BK)x results in the following LMI in Y,W

LMI for Bounded Exponent

Y AT +AY +W TBT +BW + αY ≤ 0.
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Finsler’s Lemma
Lemma (Finsler) Consider w ∈ Rnx ,L ∈ Rnx×nx , and B ∈ Rmx×nx with rank(B) < nx,
and B⊥ a basis for the null space of B (BB⊥ = 0). The following conditions are
equivalent:

1. wTLw < 0, ∀w 6= 0 : Bw = 0

2. B⊥TLB⊥ < 0

3. ∃µ ∈ R : L − µBTB < 0

4. ∃X ∈ Rnx×mx : L+ XB + BTX T < 0

Proof: Olivera & Skelton, 2001.
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Finsler’s Lemma
contd.

Given closed-loop system ẋ = (A+BK)x, define the following

w :=

[
x
ẋ

]
B :=

[
(A+BK) −I

]
, =⇒ B⊥ =

[
I

(A+BK)

]
,

L :=

[
αP P
P 0

]
.

Property 1 of Finsler’s Lemma:

Bw = 0 ⇐⇒ ẋ = (A+BK)x

wTLw < 0 ⇐⇒ xT
(
(A+BK)TP + P (A+BK) + αP

)
x < 0
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Finsler’s Lemma
contd.

Property 2 of Finsler’s Lemma: ∃P = P T > 0 such that[
I

(A+BK)

]T [
αP P
P 0

] [
I

(A+BK)

]
< 0,

which is equivalent to

(A+BK)TP + P (A+BK) + αP < 0.

Property 3 of Finsler’s Lemma:

L − µBTB < 0 ⇐⇒
[
αP − µ(A+BK)T (A+BK) P + µ(A+BK)T

P + µ(A+BK) −µI

]
< 0.
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Finsler’s Lemma
contd.

Schur complement of[
αP − µ(A+BK)T (A+BK) P + µ(A+BK)T

P + µ(A+BK) −µI

]
< 0

implies −µI < 0, and

γP − µ(A+BK)T (A+BK)−(
P + µ(A+BK)T

)
(−µI)−1

(
P + µ(A+BK)T

)
< 0

=⇒ (A+BK)TP + P (A+BK) + αP <
PP

µ
trivial
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Finsler’s Lemma
contd.

Property 4 of Finsler’s Lemma: ∃X ∈ Rnx×mx such that

L+ XB + BTX T < 0.

or [
γP P
P 0

]
+ X

[
(A+BK) −I

]
+

[
(A+BK)T

−I

]
X T < 0.

Define X :=

[
Z
aZ

]
, with Z ∈ Rn×n, invertible but not necessarily symmetric, and

a > 0 a fixed relaxation constant.
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Finsler’s Lemma
contd.

Substituting and applying congruent transformation
[
Z−1 0
0 Z−1

]
on left and[

Z−1 0
0 Z−1

]T
on the right we get[

Z−1(AT +KTBT ) + (∗)T + αZ−1PZ−T (∗)T
Z−1PZ−T + a(A+BK)Z−T − Z−1 −a(Z−1 + Z−T )

]
< 0
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Finsler’s Lemma
contd.

[
Z−1(AT +KTBT ) + (∗)T + αZ−1PZ−T (∗)T
Z−1PZ−T + a(A+BK)Z−T − Z−1 −a(Z−1 + Z−T )

]
< 0

Substitute:

Y := Z−T , W := KY, and Q := Y TPY

we get [
AY + Y TAT +BW +WTBT + αQ Q+ a(Y TAT +WTBT )− Y

Q+ a(AY +BW )− Y T −a(Y + Y T )

]
< 0.

Variables: Y ∈ Rn×n 6= Y T ,W ∈ Rm×n and Q = QT ∈ Rn×n > 0. Parameter a is
given.
Greater degree of freedom
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Reciprocal Projection Lemma
Recall With X = XT > 0, the following are true

Ψ+ S + ST < 0 ⇐⇒
[
Ψ+X − (W +W T ) ST +W T

S +W −X

]
< 0.

Consider Lyapunov inequality with decay-rate

(A+BK)Y + Y (A+BK)T + αY < 0, Y > 0 V (x) := xTY −1x

Let
Ψ := 0, ST := (A+BK)Y +

α

2
Y

Implies

Ψ+ ST + S < 0 ⇐⇒ (A+BK)Y + Y (A+BK)T + αY < 0.
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Reciprocal Projection Lemma
contd.

From Reciprocal Projection Lemma we get

Ψ+ ST + S < 0 ⇐⇒ (A+BK)Y + Y (A+BK)T + αY < 0

⇐⇒
[

X − (W +W T ) (A+BK)Y + α
2Y +W T

Y (A+BK)T + α
2Y +W −X

]
< 0.

Multiplying on both sides by
[
I 0
0 Y −1

]
we get

[
X − (W +W T ) (A+BK) + α

2 I +W TP
(A+BK)T + α

2 I + PW −PXP

]
< 0
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Reciprocal Projection Lemma
contd.

Multiply [
X − (W +W T ) (A+BK) + α

2 I +W TP
(A+BK)T + α

2 I + PW −PXP

]
< 0

on left hand side with
[
W−1 0
0 I

]T
and right hand side with

[
W−1 0
0 I

]
, and

substitute V := W−1 to get[
V TXV − (V + V T ) V T (A+BK) + α

2V
T + P

(A+BK)TV + α
2V + P −PXP

]
< 0.
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Reciprocal Projection Lemma
contd.

Using Schur complement it can be shown that[
V TXV − (V + V T ) V T (A+BK) + α

2V
T + P

(A+BK)TV + α
2V + P −PXP

]
< 0.

is equivalent to −(V + V T ) V T (A+BK) + α
2V

T + P V T

(A+BK)TV + α
2V + P −PXP 0

V 0 −X−1

 < 0.

Now substitute X := P−1 to get −(V + V T ) V T (A+BK) + α
2V

T + P V T

(A+BK)TV + α
2V + P −P 0

V 0 −P

 < 0.
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Reciprocal Projection Lemma
contd.

Using the dual form (A+BK) 7→ (A+BK)T we get (Apkarian et.al 2001) −(V + V T ) V T (A+BK)T + α
2V

T + P V T

(A+BK)V + α
2V + P −P 0

V 0 −P

 < 0.

With change of variable Z := KV , we get the final LMI −(V + V T ) V TAT + ZTBT + α
2V

T + P V T

AV +BZ + α
2V + P −P 0

V 0 −P

 < 0.

Variables P > 0 ∈ Rn×n, V ∈ Rn×n, Z ∈ Rm×n.
Controller is decoupled from Lyapunov function K := ZV −1
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Pointwise minimum norm
We are interested in stabilizing controller that minimizes instantaneous uTu, where

uTu = xTKTKx = xTY −1W TWY −1x.

Optimization problem 1

min γ

Y ≥ µ0In

W TW ≤ γIm,

Y AT +AY +W TBT +BW + αY ≤ 0.

or

min γ, subject to
Y AT +AY +W TBT +BW + αY ≤ 0[

γIm W
W T In

]
≥ 0, Y ≥ µ0In.
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Minimum Gain
Better Formulation

min γ,[
Y W T

W γIm

]
≥ 0,

Y ≥ µ0In,

Y AT +AY +W TBT +BW + αY ≤ 0.

From Schur complement about γImwe get

γIm > 0, Y −W T (γIm)−1W ≥ 0.

Or
W TW ≤ γY.
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Minimum Gain
Better Formulation (contd.)

We have
W TW ≤ γY.

Substitute W = KY , to get

Y KTKY ≤ γY =⇒ KTK ≤ γY −1.

But X ≥ µ0In constraint in LMI.
Therefore

KTK ≤ γ

µ0
In.
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Minimum Gain
With Finsler’s Lemma

min γ,[
Q W T

W γIm

]
≥ 0,

Q ≥ µ0In,[
AY + Y TAT +BW +WTBT + αQ Q+ a(Y TAT +WTBT )− Y

Q+ a(AY +BW )− Y T −a(Y + Y T )

]
< 0.
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Minimum Gain
With Reciprocal Projection Lemma

min γ,[
In ZT

Z γIm

]
> 0

P ≥ µ0In, −(V + V T ) V TAT + ZTBT + α
2V

T + P V T

AV +BZ + α
2V + P −P 0

V 0 −P

 < 0.
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Synthesis Problem
Find P = P T > 0 and K such that with V := xTPx,

min
P,K

V (x(0)) = x(0)TPx(0) Cost Function

subject to
V̇ ≤ −xT (Q+KTRK)x Constraint Function

Or equivalently

min
P,K

trP

subject to
(A+BK)TP + P (A+BK) +Q+KTRK ≤ 0.
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Synthesis Problem
contd.

min
P,K

trP

subject to
(A+BK)TP + P (A+BK) +Q+KTRK ≤ 0

is not an LMI.
Substitution: Y := P−1, and W := KY and applying congruent transformation with Y
we get

AY + Y AT +W TBT +BW + Y QY +W TRW ≤ 0.
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Synthesis Problem
contd.

Matrix inequality

AY + Y AT +W TBT +BW + Y QY +W TRW ≤ 0,

is equivalent to AY + Y AT +W TBT +BW Y W T

Y −Q−1 0
W 0 −R−1

 ≤ 0.

or AY + Y AT +W TBT +BW (
√
QY )T (

√
RW )T√

QY −In 0√
RW 0 −Im

 ≤ 0.
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Synthesis Problem
contd.

Therefore, synthesis optimization problem is

max
Y,W

trY

subject to AY + Y AT +W TBT +BW (
√
QY )T (

√
RW )T√

QY −In 0√
RW 0 −Im

 ≤ 0.

The solution is the same as Riccati solution
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Synthesis Problem
Solution

If K = −R−1BTY −1 = WY −1, then

W = −R−1BT .

Substitute it in

AY + Y AT +W TBT +BW + Y QY +W TRW ≤ 0.

to get
AY + Y AT −BR−1BT + Y QY ≤ 0,

or
AY + Y AT + Y QY ≤ BR−1BT︸ ︷︷ ︸

≥0

.

max trY =⇒ AY + Y AT + Y QY −BR−1BT = 0. Max at boundary
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With K = −R−1BTP

With the controller K = −R−1BTP , the condition

(A+BK)TP + P (A+BK) +Q+KTRK ≤ 0,

becomes
ATP + PA+Q− PBR−1BTP ≤ 0.

This is not a convex constraint in P

Schur complement (about A22) of[
ATP + PA+Q PB

BTP R

]
≤ 0.

gives
ATP + PA+Q− PBR−1BTP ≤ 0, R ≤ 0.
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With K = −R−1BTP
contd.

Let Y := P−1 and substitute in

ATP + PA+Q− PBR−1BTP ≤ 0,

to get
ATY −1 + Y −1A+Q− Y −1BR−1BTY −1 ≤ 0.

Multiply by Y on both sides congruent transform

Y AT +AY + Y QY −BR−1BT ≤ 0.

This is convex [
Y AT +AY −BR−1BT Y

√
Q√

QY −I

]
≤ 0.
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With K = −R−1BTP
contd.

Therefore optimization problem is
max
Y

trY

subject to [
Y AT +AY −BR−1BT Y

√
Q√

QY −In

]
≤ 0.
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Minimization of ‖y‖22
System is

ẋ = Ax+Bu, y = Cx+Du.

Then
‖y‖22 =

∫ ∞

0
(xTCTCx+ uTDTDu)dt,

assuming (for simplicity) DTD is invertible and DTC = 0.
Therefore, with

Q = CTC, R = DTD,

Optimization problem in Y is

max
Y

trY, subject to
[
Y AT +AY −B(DTD)−1BT Y CT

CY −In

]
≤ 0.
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How does it relate to Riccati Solution
Apply ”completion of squares” idea.
Consider

V̇ =
d

dt
xTPx

= xT (ATP + PA)x+ xTPBu+ uTBTPx.

Add xTQx+ uTRu on both sides to get

V̇ + xTQx+ uTRu = xT (ATP + PA)x+ xTPBu+ uTBTPx

+ xTQx+ uTRu.

Add and subtract xTPBR−1BTPx on RHS.
Let R = UTU for some square invertible U .
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How does it relate to Riccati Solution
contd.

Therefore

V̇ + xTQx+ uTRu = xT (ATP + PA)x+ xTPBu+ uTBTPx

+ xTQx+ uTRu

− xTPBR−1BTPx+xTPBR−1BTPx.

Or

V̇ + xTQx+ uTRu = xT
(
ATP + PA+Q− PBR−1BTP

)
x

+ ‖Uu+ U−TBTPx‖2.
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How does it relate to Riccati Solution
contd.

V̇ + xTQx+ uTRu = xT
(
ATP + PA+Q− PBR−1BTP

)
x

+ ‖Uu+ U−TBTPx‖2.

Let P be such that
ATP + PA+Q− PBR−1BTP = 0.

Then,
V̇ + xTQx+ uTRu = ‖Uu+ U−TBTPx‖2.
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How does it relate to Riccati Solution
contd.

Integrating
V̇ + xTQx+ uTRu = ‖Uu+ U−TBTPx‖2 ≥ 0

over [0, T ] we get

x(T )TPx(T ) +

∫ T

0
(xTQx+ uTRu)dt ≥ xT0 Px0

With T → ∞, x(T ) → 0

=⇒
∫ T

0
(xTQx+ uTRu)dt ≥ xT0 Px0 Lower Bound

Equality when
Uu+ U−TBTPx = 0 =⇒ u = −R−1BTPx.
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